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Preface 
 
 
 

The aim of this book is to report on recent main results achieved within ArAl, a project specifically 
targeted at primary schools for a revision of the teaching of arithmetic in a pre-algebraic key and in 
a perspective of continuity with secondary schools. The ArAl objective is to promote a linguistic 
approach to algebra and to generate motivation and awareness towards the study of the objects of 
elementary algebra (relations, functions, equations), with a special emphasis on the relational and 
structural aspects of this discipline. 

The ArAl Project was born within the framework of a previous project carried out by N. A. 
Malara in 1992-1997 and devoted to the renewal of the teaching of algebra in middle school (the 
results of five years’ experiments in the classroom had highlighted the need to re-examine the 
teaching of arithmetic in primary schools). 

The ArAl Project was later included in the European Eltmaps Project (Effective Learning and 
Teaching of Mathematics from Primary to Secondary School) and subsequently extended to the 
national S&T (Science and Technology Teaching and Learning) Project. 

This book is structured in two parts. In the first part, after an introduction in which we outline the 
structure of the project, we present the theoretical framework where we offer an in-depth analysis of 
the theoretical questions underlying our cultural and didactical choices implemented in the project. 
The theoretical framework is followed by an extensive glossary, where key terms of the project are 
explained in detail. The aim of the glossary is to clarify, for the benefit of teachers, the main 
theoretical aspects of the project. 

The second part is constituted by six teaching units − concerning such topics as explorations in 
numerical grids, bricks towers, pearl patterns in necklaces, etc. − with the aim of introducing pupils 
to the use of letters and the collective construction of their first simple algebraic sentences. Some 
units are also devoted to mathematical games or to the use of two-pan scales, to help pupils 
conceive and express the equality between different representations of a same quantity.  

The units are not a simple list of items that the teacher has to follow in the classroom activity. 
They summarize didactical processes, as they emerged from our numerous experimentations. In 
each unit, the key elements of the process, the enacted classroom dynamics, the deepening or the 
expanding and the emerged difficulties of the pupils are highlighted.  

We thus offer teachers some materials, with the aim of encouraging them first of all to reflect on 
their knowledge and the way in which they operate in the classroom, and then of giving them some 
innovative models of teaching/learning processes, in a pre-algebraic environment that is focused on 
the peer interaction they can develop in their classroom. 
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Introduction 
 
 
 

1.1 Presentation 

International research in the field of algebraic learning and the difficulties connected to its 
understanding demonstrates the existing crisis of traditional teaching methods in relation to this 
field. Most recent studies tend to place, within the pre-algebraic field, main cognitive obstacles, 
underlining that these obstacles often appear unexpectedly from arithmetical contexts, which then 
tend to create conceptual blocks that hinder the development of algebraic thinking. 

2. In other words: algebra cannot be created slowly like an instrument or a thought, but, rather, its 
manipulative mechanisms and calculation aspects must be emphasized. However, without a 
knowledge of arithmetic procedures and formations, one cannot grasp the conceptual basis which 
then leads to algebraic knowledge. Most students lack the appropriate arithmetical structures from 
which they can then generalize. 

3. The ArAl Project’s objective is to approach algebra initially as a language. We believe that the 
natural language learning process is analogous to that of the algebraic language. We use the 
babbling metaphor to explain this point of view. 
When a child is learning his/her natural language, he grasps meanings and rules because they 
accompany and support him step by step. He grasps them ingenuously, through trial, error and 
imitation, until he reaches school age, when he learns to read and reflect upon grammatical aspects 
and language syntax. 
On the other hand, within traditional algebraic language teaching, a child begins by studying rules; 
in other words, formal manipulation. Therefore, grammatical aspects, procedures and syntax come 
before the understanding of meanings. There is a tendency to teach algebraic syntax and to neglect 
algebraic semantics. 

4. The hypothesis is that our mental structures and algebraic thinking processes begin from primary 
school, in parallel with our arithmetical structures and thoughts. This means we can teach and think 
of arithmetic in an algebraic way, through the creation of experience fields that encourage an 
autonomous processing of what we call algebraic babbling. By means of inspiring methods, this 
new language and the gradual acquisition of its rules take place. The applied didactics are tolerant 
of initial trials that favour above all a sensitivity to the meanings of the mathematical language. 
 
 
1.2. Project Structure 

The ArAl Project is put forward as an integrated training system within which teachers: 
• Participate in the Project’s initial fine-tuning;  
• Work periodically in primary school joint classes, together with researchers; 
• Compile meeting diaries of these joint classes; 
• Assess on a monthly basis, together with co-ordinators, the progress status of the Project; 
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• Attend, together with GREM researchers, meetings aimed at deepening the theoretical 
references; 

• Contribute to the ongoing organisation of teaching materials, as well as the final versions 
(i.e. the Teaching Units);  

• Present the Project at various conventions. 
After the experimental stage, all ArAl Project activities are organised into Teaching Units. The 

entire process can be summarised as follows: 
a. Selection of Contents 

During seminars taking place at the beginning of each school year, teachers are presented with 
themes and work outlines, around which the experimental activities of joint classes will be 
developed. 

b. Joint Classes and Meeting Diaries 
Each year some 120-140 joint classes take place, in which both teachers and researchers 

participate. These joint classes are recorded by teachers (often with audio or video equipment), who 
are sometimes helped by students from teachers training colleges. Class diaries are a key tool for 
analysing the teaching/learning process within the Project. 

c. From the Diaries to the Units 
After being transferred to computers by teachers and reorganised by researchers, the class diaries 

are periodically assessed by a group of teachers-experimenters. At the end of each school year, the 
diaries are reorganised by the GREM researchers into Teaching Units, which will subsequently be 
tested with participating classes. 

d. The Units in their final version 
After these checks, the Units - consisting of some 25-30 pages - are published, and the relevant 

teaching materials are made available on the Net. 
 
Since 2002 and still within the framework of the theoretical perspective of the ArAl Project, a 

new project is being experimented for an introduction to arithmetical thinking. Kindergarten 
teachers and pupils also participate in this project.  
 
 
1.3. Features and Structure of the Units 

The Units are structured in such a way as to make the teaching process transparent in relation to 
the problem situation being examined (methodology choices, activated class dynamics, key 
elements of the process, extensions, potential behaviour of pupils and difficulties they may 
encounter). The aim is that of offering teachers outside the Project innovative teaching models, in a 
pre-algebraic environment, which may encourage them to reflect on their own knowledge and 
modus operandi in the classroom, even before providing them with pathways that they should 
follow precisely with their pupils.  

The structure of a typical Unit is described below. 
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1.4. A Brief History of the ArAl Project 

The ArAl Project started officially with public funding in 1998 and in 2003 enters its sixth year of 
activities. 

The Project’s social and cultural premises were born at the end of the Eighties from collaborative 
efforts between the GREM1 Group and primary and secondary school administrators and teachers 
of Belluno province. Those premises are developed through experimental activities, which take 
place in joint primary school classes, with both teachers and researchers in attendance, on various 
themes concerned with mathematics teaching (logic, history of mathematics, problem solving, 
geometrical transformations, the relationship of mathematics with art and music).  From this 
original core, the ArAl Project’s working group was gradually developed. 

In 1999, the ArAl Project became one of Italy’s contributions to the European Communities 
Comenius Project, co-ordinated by prof. Leo Rogers (UK)2. In 2001, the Project won first place in 
the national S&T - Materiali per l’Educazione Scientifica e Tecnologica (Materials for Science & 
Technology Education) competition over close to 600 candidates, securing an annual funding of € 
35,000. 

The Project currently (2002/03) involves 63 teachers and almost 2000 pupils, some in Belluno 
province (50 teachers and some 1600 pupils), and some in Modena (13 teachers and ca. 400 pupils). 

                                                 
1 GREM - Gruppo di Ricerca in Educazione Matematica (Mathematics Education Research Group) operates since l984 

from the Mathematics Department of the University of Modena/Reggio Emilia, and is lead by prof. Nicolina A. 
Malara. 

2 Project partners are Great Britain (Faculty of Education, Roehampton Institute, London); Cyprus (Pedagogical 
Institute, Nicosia); the Czech Republic (Mathematics Department, Pedagogical Institute, Charles University, Prague); 
and Italy (Mathematics Department, University of Modena). 
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